A SPECTRAL THEORY FOR A CLASS OF LINEAR OPERATORS G. K. LEAF
In this paper we introduce a type of spectral theory for bounded operators in a Banach space. We shall focus most of our attention on the continuous spectrum, since the point spectrum, at least when it is isolated, can be handled by using the contour integral techniques developed by F. Riesz, E. R. Lorch, and N. Dunford and discussed in [4, 7] .
In 1941, E. R. Lorch [6] treated a class of operators in a reflexive Banach space which are natural generalizations of unitary operators. By using ingenious methods, he was able to find invariant manifolds for these operators and constructed a spectral theory which in many respects is similar to that which is available for unitary operators. More recently, N. Dunford [2, 3] has developed an extensive spectral theory for certan classes of operators in Banach spaces, and related work in this area has been done by F. Wolf [9] and others. However, Dunford's class of spectral operators does not contain the class studied by Lorch. In this paper we will employ some of Dunford ? s techniques to obtain results which parallel those of Lorch [6] . In doing so, we are able to handle a larger class of operators than in [6] , at least in the case where the spectrum is entirely continuous. Finally, we wish to point out that the results in Section 2 are not best possible.
l Preliminary remarks. If T is a bounded linear operator in a complex Banach space X, then R(z; T) will denote the resolvent operator (z -T)-1 defined for z in the resolvant set of T. When T is understood, the notation R(z) will be used in place of R(z; T). For any two points z λ and z 2 in the resolvant set, R satisfies the following relations:
(i) R(zJ -R(z 2 ) = (z 2 -zJRizjRiz,), and (ii) R(z λ )R(z 2 ) = R{z 2 )R{z λ ). One consequence of the above relations is the analyticity of the vectorvalued function R{z)x on the resolvant set p(T) for each vector x in the space X. Since R(z)x is a vector-valued analytic function on p(T), it is natural to speak of analytic extensions of R(z)x. The 142 G. K. LEAF following definitions are due to Dunford [3; p. 326 ].
DEFINITION. An analytic extension of R(z) x is a vector-valued function / defined and analytic on an open set Δ(f) containing p{T), and satisfying the equation (z -T)f(z) = x for every z in Δ(f).
It is clear that if f(z) is an analytic extension of R{z)x, then R(z)x =f(z) for every z in p (T) . R(z) x is said to have the singlevalued extension property provided that for every pair / and g of analytic extensions of R(z)x, we have f(z) = g(z) for z in the intersection of Δ(f) and Δ(g). The union of the sets Δ(f) as / varies over all analytic extensions of R(z)x is called the resolvent set for x and is denoted by p(x). The complement of p(x) is called the spectrum of a?, and is denoted by σ(x). If R(z)x has the single-valued extension property, then R(z)x has a maximal single-valued analytic extension x(z) with domain p(x) and with x(z) = R(z)x for £ in p(T).
2.
A class of operators with continuous spectrum* In this section V will denote an invertible bounded linear operator satisfying the following two conditions:
(a) || V n \\ = o(\n\) as n tends to ±oo. (b) The spectrum of V is purely continuous; that is, the point and residual spectrum are empty. Proof. The conclusion of this theorem depends on assumption (a). From (a) we have || V n \\ ^ n and || V~n\\ ^ n for all n sufficiently large. Taking the nth root of both sides of each inequality, and passing to the limit, we see that the spectral radii of V and V~x are both less than or equal to one.
It is convenient to obtain series expansions for R(z) in each component of p(V). If \z\ > 1, then from (a), it is easily verified that Σ»=o3-n -1 F Λ converges in the uniform operator topology to a bounded, everywhere-defined operator satisfying the equation:
\ 0 /
Hence if \z\ > 1, then R(z) = Σ~z~n~λV n . For \z\ < 1, (a) will imply that -^>z n V~n~1 converges in the uniform operator topology to a bounded, everywhere-defined operator satisfying the above resolvent equation. Hence for \z\ < 1, we have
The behavior of R(z) as z approaches o(V) will be needed. For any point ξ = e iλ , the transversal segment through ξ generated by z = (1 + s) Dunford [2; p. 564] has shown that if the spectrum of a bounded linear operator T is nowhere dense in the complex plane, then for «ach vector x in the space X, R(z; T)x has the single-valued extension property. Since the operator V under consideration has its spectrum on the circumference of the unit circle, and so has nowhere dense .spectrum, for each x in X we may speak of the single-valued analytic function #(•) which is the maximal extension of R(z; V)x. The following results (cf. [2; p. 564]) are immediate consequences of the definition of x( ).
LEMMA.
For any x and y in X, we have: into the algebra B(X) of all bounded linear operators on X The homomorphism (cf. {7; ch. 5]) is given by
where C is the boundary of an open set D containing p(T) and such that D U C is contained in the domain of analyticity of / and C consists of a finite number of positively-oriented nonintersecting Jordan curves. In the case of the operator V, for each / in ^~(V), C may be chosen to be the oriented boundary of some annular region containing the circumference of the unit circle. Let/be in ^~(V) with domain of analyticity Δ(f)\ let D = {z: r x < | z \ < r 2 , r x < 1 < r 2 } be a region such that the boundary C together with D is contained in Δ(f). In addition, let ξ be any point on the circumference of the unit circle with Δ{ξ) denoting the transversal segment through ξ con- The arcs AB and CZ> are subarcs of circles centered at the origin of radii 1 -ί and 1 + t respectively with 0<ί^ 1/2. The arcs BC and DA are the transversal segments, through |i = e iλl and | a = e ίλ2 respectively. The contour C(λ x , λ 2 ) ispositively-oriented in the counter-clockwise direction. The complementary contour C(λ 2 , \) consists of the subarcs DC and BA together with the transversals CB and AD. The closed subarc of the circumference of the unit circle consisting of the points ξ -e iλ such that λ x ^ λ λ In the following theorems, the assumption that the spectrum is purely continuous will be used. 
{V-ξ){X) = (V-ξ)
We now obtain a basic decomposition of the space X relative to V. Proof. Part (i) is obtained from Lemma 2.6 by induction. In order to prove part (ii), we note that by the operational calculus
where C is the oriented boundary of the region JO = {s: 1 -ί < I s |< 1 + ί, 0<t^ 1/2} .
Using Theorem 2.2, we write the above integral as the sum of integrals in the following way:
we have y -y ± + y 2 + + y n . From Theorem 2.4,
To show uniqueness, suppose
Hence by Lemma 2.3(a), we have
Thus to show uniqueness, it suffices to show that σ(u) S {f} implies that u = 0. But it is easily seen that if σ(u) £ {£}, then (F -£)*% = 0. However (F-f) is by assumption one-to-one; hence u -0. Before we proceed to the next theorem, we shall discuss a generalization of a result due to Lorch [6] , Although Lorch assumed that || V n \\ ig K for some constant K and all integers n, we shall only assume that || V n || = o(| n |). This lemma is the key to the reconstruction of the operator V from the spectral manifolds that will be introduced in Theorem 2.9. . Thus if σ. = Σ?" 1 (1 -kjn)V\ we have ||σ n || f£ Λί(w 2 + 5). Now for any integers w, m, and k and any vector x in the space, we have:
For any integer p and i = 0, 1, 2, set Q^p) = p-
, we have || Q*(3^) || tending to zero as p tends to infinity for i = 0,1, 2. Thus if x is any vector in the space X, we have:
Choosing k, m, and n, in succession, such that each of the first three terms is less than ε/4 and setting A 2 -M\k 2 + 5)(m 2 + 5)(n 2 + 5), we have the desired result. Using | -1 F, with ξ on the circumference of the unit circle, in place of F in this lemma would replace the identity operator I apperaring in the desired inequality by ξl. Furthermore, let n = [2τr/δ] and let X k = kδ for k = 0, 1, , n; then the space X is spanned by the manifolds L (X k 
Proof. Let ε > 0 be given, the choose k, m, and w as was done in Lemma 2.8. Now choose a positive number ε x so small that ε ± A e < ε/4. For this choice of ε lf choose a δ > 0 such that if ξ = e ίλ is any point on the circumference of the unit circle, and if ξ = e ΐμ with /ί = λ + 5, then
Inequality (2) Using the δ which was determined in the above discussion, we let n be the greatest integer in 2π/δ. Let X k = kδ and ξ k = e ίλjc for /b = 1, 2, , n and set ξ n+1 = 2π; then from the first part of the theorem, we have ||(F-ξ k )x\\ ^ ε\\x\\ for a? in L (X k Let {p n }, -co<w<oo, be a sequence of real numbers greater than or equal to one with p 0 = 1 and satisfing p n+m ^ p n Pm for all m and n. Let L denote the Banach space of all sequences x = {x n } such that Σ"=-oo p n I %n I is finite and with this sum as the norm for the element x. Let T be the shift operator defined on L by Tx = y where V = {Vk} and y k = α? Λ _i. Then T is a bounded invertible operator on L and, for each n, \\T n \\ -p n . In particular, setting p n = 1 + \n\* for some fixed a such that 0 < a < 1, we obtain an operator T for which || T n \\ = o(|w|) while || Γ w || is not bounded.
3 Φ The resolving manifolds* In this section, a system {G λ , F λ }, 0 ^ λ ^ 2ττ, of pairs of closed linear manifolds is developed which has some of the properties of a resolution of the identity in the case of a unitary operator. then using the notation of Theorem 2.4, we have for
If λi, λ 2 tend to λ and ft, ft tend to ft then by Theorem 2.4, and J(ft, μ 2 )x both tend to zero, and the left-hand side of (i) tends to (V -e iλ )\ V -^) 4 #. Thus Hence any vector in the closure of the range of (V -e iλ )\ V -e iμ f satisfies the conclusion of the lemma. But the range of the above operator is dense in the space; hence the conclusion holds for every vector in the space.
We are now in a position to define the system {G λ , F λ } of resolving manifolds. For 0 ^ λ g 2ττ, set Taking the closure of both sides, and noting that, by Lemma 3.1, the closure of the left-hand side is X, proves part (d). Part (e) will be proved, once it is shown that σ(Vx) S σ(x); but this follows from the equation R(z) Vx -VR(z) x, z in p(V). Since V is a bounded operator, the right-hand side has an analytic extension to p(x);
The following theorem characterizes the spectrum of V in terms of the behavior of G λ as a function of λ. Recall that we have, by hypotheses, ruled out the possibility of point or residual spectrum.
THEOREM, (a)
The point e ίλ is in ρ(V) if and only if there exists an ε > 0 such that G> = G λ for all μ such that λ -ε < μ < λ + ε.
(
b) The point e ίλ is in σ(V) = o e (V) if and only if G μ is not constant in any neighborhood of λ.
Proof. If λ < μ then (λ, μ) will denote the open subarc of the circumference of the unit circle from e ίλ to e iμj .
(a) Suppose e iλ is in ρ(V), then there exists an ε > 0 such that if λ -ε < μ <X + ε, then e i/Λ is in p(V).
If μ is such that λ -ε < μ < λ, then G> £ G λ ; but if x is in G λ , then since (λ -ε, λ) c ρ{V),
Hence, x is in G μ and G μ = G κ for λ -ε < μ < λ. The same argument is used for λ < μ < λ + ε. On the other hand, suppose that for some ε > 0, G μ -G λ for λ -ε < μ < λ + ε. It must be shown that the open arc (λ -ε, λ + ε) lies in ρ{V). Let μ x and μ 2 be any two numbers such that λ -ε < μ λ < μ 2 < ^ + ε. We shall first show that J(μ l9 μ 2 )x -0 for each x in X. By Theorem 2.4, we know that for any x in X, we have σ(J(μ lf μ 2 )x) £ IX, AVl ; hence if /ι 2 < s < λ + ε, then J(μ 19 where (μ lf μ 2 ) is any open subarc of (λ -ε, λ + ε). Thus for any x in X and any point e ilM , with λ -ε</i<λ + ε, we have e^ in ρ(x) and (e iμ --V)x(e^) = x; hence (β iμ -V) maps X onto X, and so β ΐfA is in p(V) for each μ in (λ -ε, λ + ε).
(b) This is obvious since σ(V) = 0" C 4 Weakly almost periodic operators. In this section we shall show how the methods developed by Dunford can be applied to a class of operators studied by E. R. Lorch [6] , The main results presented here do not differ from those in the paper by Lorch, but the manifolds defined here are larger than those in [6] .
Let X be a reflexive Banach space and V an invertible bounded operator such that (a') || V n || ^ K for some constant K and n = ±1, ±2 .
Lorch calls an operator V in a reflexive Banach space which satisfies condition (a') a weakly almost periodic (w.a.p.) operator. Since condition (a') is more stringent than condition (a), we see from Theorem 2.1 that the spectrum of a w.a.p. operator is contained in the circumference of the unit circle. The following lemma is basic to the discussion; its proof may be found in [5] . If ξ -V is one-to-one for some ξ on the circumference of the unit circle, then from the above lemma, R(P ζ ) = (0); hence the range of ξ -V is dense in X. Thus ξ is in the continuous spectrum; hence the residual spectrum of a w.a.p. operator is void. Furthermore, condition (a') implies that for | z \ > 1,
\\R(z; V)|| = ||Σ

II fc=o
and for | z \ < 1, \\R(z; V)\\ = 11-hence a w.a.p. operator satisfies the stronger condition of having a resolvent with a first order rate of growth. Thus Theorem 2.4 applies to a w.a.p. operator with J(X U λ 2 ) now defined by:
The set of all x whose spectrum lies in a closed subarc of the circumference of the unit circle is a closed linear manifold since this is a consequence of the finite order of the rate of growth of the resolvent. In the case of a w.a.p. operator, Theorem 2.7 is replaced by the following theorem. On the other hand, if o"(α?) = {ξ}, then <τ(#) ^ 0 and so a? =£ 0. If ξ = e ίλ , choose two sequences {λj and {/£ Λ } such that λ n < λ < ^w with λ w and β n both tending to λ. Using the operational calculus and splitting the contour in the usual way, we have
Since σ(x) = {£}, J(μ n , X n )x = 0 for every n. By Theorem 2.4, J(λ n , /Jβ Λ )α? tends to zero as n tends to infinity. Thus
x is bounded as z tends to £ along the transversal through ξ, we have (V -ξ)x = 0. Theorem 2.9 relied mainly on two hypotheses. The first was that for any finite set of points ξ 19 ξ 2 , , | n each vector a? could be approximated by n vectors y lf y 2 , -,y n where σ(y k ) Q [ξ k , ξ k+1 ]. In the case of a w.a.p. operator, this hypothesis was shown to be valid in the discussion preceding Lemma 4.3 together with the lemma itself. The second hypothesis was provided by Lemma 2.8 which said that for any ε > 0 there exists a number A s such that for any
The validity of (β) depended on the condition || V n \\ -o(ri) , and it is easily seen from the proof of Lemma 2.8 that (β) remains true if the fourth power is replaced by any lower power. Since a w.a.p. operator satisfies the condition || V n \\ -o(ri) , (β) holds for a w.a.p. operator with the fourth power replaced by the second power. With the above discussion in mind, Theorem 2.9 holds for a w.a.p. operator, and can be proved in exactly the same way that Theorem 2.9 was proved.
In order to obtain a system of resolving manifolds for a w.a.p. operator, the following two lemmas are needed. The first lemma is a special case of a more general result due to Dunford (cf. [2: p. 593] Using the preceding lemmas, we can define a system to resolving manifolds for a w.a.p. operator. Let G 2π = X and F 2π = (0); for 0 λ < 2π, let G λ be the set of all x such that 6r(α?) g [0, λ] together with P# = 0 and P λ # = 0. Let F λ be the set of all x for which σ{x) g [λ, 2ττ]. On the other hand, suppose G λ is properly contained in the intersection of G μ for μ > λ, then let x be in this intersection, but not in G λ . We then have Px = 0 and o"(a?) S [0, /£] for all μ greater than λ; hence, σ(x) S [0, λ]. If P λ x were zero, then x would be in G λ ; thus P λ x Φ 0 and V{P λ x) -e ik P λ x showing that e iλ is in the point spectrum.
Parts (b) and (c) are proved in almost exactly the same way that Theorem 3.2 was proved.
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